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Abstract
The conductance of a weakly interacting electron gas in the presense of a sin-
gle scatterer is found at arbitrary strength of the scattering potential. At weak
interaction, a simple renormalization group approach can be used instead of
the standard bosonization procedure. Our technique allows to take into ac-
count the backscattering of electrons that leads to a non-Luttinger-liquid be-
havior of the low-temperature conductance. In the presence of magnetic field,
the backscattering may give rise to a peak in differential conductance at bias
equal to the Zeeman energy.
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Recent progress in semiconductor technology renewed the interest in transport properties
of one-dimensional (1D) electron systems. It is well known that in a clean short channel
the electron transport is ballistic, and the conductance is quantized [1]. The ballistic con-
ductance is destroyed, however, by scattering on impurities in longer channels [2]. It is
reasonable to expect that in a sufficiently clean system it is possible to form a long 1D
channel with a single impurity. Transport properties of such a system are determined by
scattering of electrons on the impurity. In the simplest case of non-interacting electrons the
conductance is related to the transmission coefficient by Landauer formula [3].
Electron-electron interaction in a 1D electron gas renormalizes significantly the scattering
caused by an impurity potential [4]. The low-energy properties of a 1D interacting electron
system are usually described by Luttinger model (see, e.g., [5]). This approach allows to
treat the renormalizations of the impurity potential at any strength of interaction between
electrons [6]. The resulting conductance G demonstrates the power-law dependence on
temperature at T → 0. However, this method does not allow to calculate the conductance at
higher temperatures where the power-law asymptotics fails. Besides, for the system of spin-1
2
electrons, the Luttinger model neglects backscattering in electron-electron collisions. The
backscattering processes lead to additional renormalizations that affect the low-temperature
conductance.
Below we present an alternative renormalization group (RG) approach that is valid only
in the case of weakly interacting electrons. The advantage of our approach is in its ability to
describe the conductance at any temperature. For a model with spinless electrons it allows us
to show explicitly the crossover from the Fermi-gas to the low-temperature Luttinger liquid
behavior. For the realistic case of spin-1
2
electrons, the backscattering processes can be
incorporated into the renormalization procedure. Striking differences from Luttinger-liquid
behavior occur in the case of a short-range interaction between electrons. The temperature
dependence of conductance becomes non-monotonic, and application of a magnetic field
creates a peak in the differential conductance at bias equal to the energy of the Zeeman
splitting.
We start with a non-interacting 1D electron gas in the presense of a single scatterer. In
the simplest case of a small-size scatterer we model its potential by δ-function. The electron
scattering is characterized by the transmission and reflection amplitudes t0 and r0. In terms
of these amplitudes the scattering wave functions have the form:
ψk(x) =
1√
2
{
eikx + r0e
−ikx, x < 0,
t0e
ikx, x > 0,
(1)
ψ−k(x) = ψk(−x). (2)
Here ψk and ψ−k describe the scattering of electrons incoming from the left and right cor-
respondingly, k > 0. Scattering disturbs the electron density around the barrier. In the
presense of electron-electron interaction this modulation of density leads to an additional
scattering of electrons. If the interaction potential V (y − z) is weak, the correction to the
wave functions (1) may be found in the Born approximation,
δψk(x) =
∫ ∞
−∞
Gk(x, y)VH(y)ψk(y)dy
−
∫∫ ∞
−∞
Gk(x, y)Vex(y, z)ψk(z)dzdy. (3)
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Here Gk is the Green function for non-interacting electrons in the presense of the barrier.
To solve the scattering problem we need only the asymptotics of the Green function at
x→ −∞. In this limit
Gk(x, y) =
1
ih¯vF
{
eik(y−x) + r0e
−ik(x+y), y < 0,
t0e
−ik(x−y), y > 0,
(4)
where vF is the Fermi velocity. The correction (3) takes into account the electron scattering
on both Hartree and exchange potentials:
VH(y) =
∫ ∞
−∞
V (y − z)δn(z)dz, (5)
Vex(y, z) = V (y − z)
∫ kF
−kF
dk
2π
ψ∗k(y)ψk(z). (6)
At large distances |z| ≫ k−1F the disturbance of density δn(z) caused by the barrier decays
as
δn(z) ≃ |r0|
2π|z| sin(2kF |z| − arg r0). (7)
The oscillations of density produce an oscillating Hartree potential commonly referred to
as the Friedel oscillation, see Fig. 1. The asymptotics of the Hartree potential hints that
in Born approximation the backscattering of a plain wave should diverge logarithmically at
k → kF . Indeed, the explicit calculation based on Eqs. (3)–(6) gives the total first-order
correction δT to the initial value T0 = |t0|2 of the transmission coefficient
δT = −2αT0(1− T0) ln
(
1
|k − kF |d
)
, (8)
where d is the characteristic spatial scale of the interaction potential. The dimensionless
parameter α characterizes the strength of interaction:
α = α2 − α1, (9)
α1 =
V (2kF )
2πh¯vF
, α2 =
V (0)
2πh¯vF
. (10)
Here V (q) is the Fourier transformation of the interaction potential. The two terms pro-
portional to V (0) and V (2kF ) in Eq. (9) originate from the exchange and Hartree terms
respectively. For the long-range interaction, kFd ≫ 1, the exchange term gives the leading
contribution.
The lowest-order result (8) is applicable as long as α ln(1/|k − kF |d) ≪ 1. At smaller
|k − kF | we have to take into account the terms of higher orders in α. Each term of the
perturbation theory in α diverges at k → kF . The strongest divergence in the n-th term
has the form αn lnn(1/|k − kF |d). We will find the transmission coefficient in the leading
logarithm approximation that corresponds to summation of these most divergent terms.
This task can be performed using a simple renormalization group approach, analogous to
the “poor man’s scaling” developed by Anderson [7] for the Kondo problem.
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The renormalization of the bare transmission coefficient T0 is caused by the interaction
with the Fermi sea electrons. Since the maximum momentum transfer in a scattering event
is determined by the spatial scale d of the interaction, only electrons in the energy strip
of halfwidth D0 = h¯vF/d near the Fermi level contribute to the correction (8). First of
all, we neglect the electron states with energies outside this strip. Then we transform our
problem to a similiar one with a smaller bandwidth, D < D0. The two problems are
equivalent if we simultaneously renormalize T0 in order to take into account the interaction
with the states excluded by this RG transformation. The renormalization of T0 found in
Born approximation,
δT = −2αT0(1− T0) ln
(
D0
D
)
, (11)
is similar to Eq. (8). The logarithmic factor corresonds to the integration over the strip of
states excluded by this RG transformation.
We apply the RG transformation again, reducing the bandwidth D step by step until it
reaches the value |ǫ|, where ǫ is the energy of the incoming electron counted from the Fermi
level. Each step is accompanied by the renormalization (11) of the transmission coefficient.
The sum of these small renormalizations may be found as a solution of the differential
equation
dT
d ln(D0/D)
= −2αT (1− T ). (12)
The initial condition atD = D0 corresponds to the bare transmission coefficient T = T0. The
renormalized transmission coefficient for an electron with energy ǫ is given by the solution
of the RG equation (12) at D = |ǫ|,
T (ǫ) = T0(|ǫ|/D0)
2α
R0 + T0(|ǫ|/D0)2α , (13)
where R0 = |r0|2 is the reflection coefficient. Formula (13) gives the power-law dependence
T (ǫ) at small ǫ that coinsides with the result of the Luttinger-liquid theory [6]. In contrast
with this theory, our result (13) describes the behavior of transmission coefficient at all
energies |ǫ| < D0. Besides, Eqs. (9) and (10) gives the microscopic definition of the exponent
α in terms of the interaction potential. In the case of smooth potential Eq. (9) coinsides
with the exponent found in [8].
Our approach allows also to find the temperature dependence of the linear conductance of
a 1D interacting electron system with a single barrier. At kBT > D0 the conductance is given
by the Landauer formula for an ideal Fermi gas, G0 = (e
2/2πh¯)T0. At smaller temperatures
the transmission coefficient is renormalized. The renormalization of transmission coefficient
should be stopped at bandwidth D ∼ kBT because of the smearing of the Fermi surface. As
a result, the following temperature dependence of the linear conductance is found:
G(T ) =
e2
2πh¯
T0(kBT/D0)2α
R0 + T0(kBT/D0)2α . (14)
The differential conductance at a high voltage eV > kBT may be obtained by substitution
T → (e/kB)V .
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Above we considered a model of spinless electrons. Experimentally this model can be
realized by applying strong magnetic field that polarizes electron spins. For a system with
spin degeneracy (zero magnetic field) the above theory should be revised. In particular, one
has to take into account the backscattering processes involving two electrons with different
spins. It is well-known [9] that the backscattering processes cause the renormalizations of
interaction constants at low energies. These renormalizations are commonly studied in the
framework of the following interaction Hamiltonian:
Hint =
1
L
∑
k,p,q
∑
σ,σ′
[
g1a
†
kσb
†
pσ′ap+2kF+q,σ′bk−2kF−q,σ + g2a
†
kσb
†
pσ′bp+q,σ′ak−q,σ
+
1
2
g4(a
†
kσa
†
pσ′ap+q,σ′ak−q,σ + b
†
kσb
†
pσ′bp+q,σ′bk−q,σ)
]
. (15)
Here a†kσ and b
†
kσ are the operators creating respectively left- and right-moving electrons
with momentum k and spin σ; interaction constant g1 describes the backscattering, while
g2 and g4 characterize the density-density interaction between the electrons moving in the
opposite directions and in the same direction correspondingly. Unrenormalized constants
g1, g2 and g4 are determined by the Fourier components of the interaction potential,
g1 = V (2kF ), g2 = g4 = V (0). (16)
At low energies the constants g1 and g2 are changing [9] in the course of renormalization:
g1(D) =
V (2kF )
1 + V (2kF )
πh¯vF
ln D0
D
, (17)
g2(D) = V (0)− 1
2
V (2kF ) +
1
2
V (2kF )
1 + V (2kF )
πh¯vF
ln D0
D
. (18)
Since g4 remains unchanged, the equality g2 = g4 is no longer valid. Therefore, we have to
replace Eq. (12) with a new RG equation for the transmission coefficient T written in terms
of constants g1, g2, and g4 instead of V (0) and V (2kF ). The first-order calculation with the
Hamiltonian (15) gives
dT
d ln(D0/D)
= −(g2 − 2g1)
πh¯vF
T (1− T ). (19)
Due to the spin degeneracy, the Hartree contribution proportional to g1 contains extra factor
of 2 [cf. Eq. (12) and (9)]. Taking into account the dependence (18) of g1 and g2 on scale D
and integrating Eq. (19), we find
T (ǫ) =
T0
[
1 + 2α1 ln
D0
|ǫ|
]3/2 ∣∣∣ ǫ
D0
∣∣∣2α2−α1
R0 + T0
[
1 + 2α1 ln
D0
|ǫ|
]3/2 ∣∣∣ ǫ
D0
∣∣∣2α2−α1 , (20)
where the parameters α1 and α2 are determined by Eq. (10). Similarly to Eq. (14), we can
now find the conductance using the Landauer formula,
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G(T ) =
e2
πh¯
T0
[
1 + 2α1 ln
T0
T
]3/2 (
T
T0
)2α2−α1
R0 + T0
[
1 + 2α1 ln
T0
T
]3/2 (
T
T0
)2α2−α1 . (21)
The above expression is the main result of this paper. In the absense of backscattering,
α1 = 0, the existence of the spin degree of freedom leads only to a trivial factor of 2, as
compared to the conductance (14) in the spinless case. At α1 > 0 the backscattering gives
rise to the logarithmic factors in Eq. (21) that determines the deviation from the power-law
asymptotics of conductance at T → 0. At sufficiently strong backscattering, α1 > 12α2,
the temperature dependence of conductance changes qualitatively. As the temperature is
lowered, the conductance first grows, reaching the maximum value at
T ∼ T0 exp
(
− 2α1 − α2
α1(2α2 − α1)
)
, (22)
and then drops to zero at T → 0.
The non-monotonic behavior of G(T ) is due to the renormalizations induced by backscat-
tering of electrons with opposite spins. This part of the electron-electron interaction is
responsible for the deviations from the Luttinger-liquid behavior at all energies. In the
presence of magnetic field B the backscattering is important only at energy scales exceeding
2µBB, and the transmission coefficient T (|ǫ| ≥ 2µBB) is adequately described by Eq. (20).
At energies below the Zeeman splitting 2µBB the backscattering is suppressed, and the
Luttinger-liquid behavior restores. The renormalizations of the transmission coefficient for
each spin direction follow the equation (12) for spinless electrons. The only difference occurs
in the initial conditions that result from the renormalizations at higher energies according
to (20),
T ∗0 ≡ (1−R∗0) = T |ǫ=D∗0 , D∗0 = 2µBB. (23)
Thus the conductance at low temperatures kBT ≪ µBB is described by Eq. (14) with
the substitution (23) and with the extra factor of 2 accounting for the two possible spin
directions.
The electron subsystems with the opposite spins decouple at low energies because the
Friedel oscillations produced by these subsystems have different periods if magnetic field
is applied. The two periods correspond to the two different Fermi wave vectors, kF↑ and
kF↓. At low temperatures only the electrons with energies close to the Fermi level con-
tribute to the linear conductance. The low-energy electron is scattered effectively only by
the same-spin Friedel oscillation, therefore the renormalizations occur in each spin subsys-
tem independently. However, it is possible to make the electrons to scatter effectively on
Friedel oscillations produced by the opposite-spin subsystem by applying a finite bias. This
scattering shows up as a peak of the differential conductance at bias V = 2µBB/e.
At a finite bias V the current I(V ) can be expressed in terms of transmission coefficients
Tσ(ǫ, V ) that in turn depends on voltage,
I(V ) =
e
2πh¯
∑
σ
∫ 0
−eV
Tσ(ǫ, V )dǫ. (24)
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Here σ = ±1 characterizes the spin direction of tunneling electron, ǫ is its energy counted
from the Fermi level at the left lead. We will calculate the transmission coefficient in the
limit of strong barrier, Tσ ≪ 1. In the presence of bias voltage and Zeeman splitting, the
RG equation (19) should be modified as follows:
d lnTσ
d ln(D0/D)
= −g2 − g1
2πh¯vF
[θ(D − |ǫ|) + θ(D − |ǫ+ eV |)]
+
g1
2πh¯vF
[θ(D − |ǫ− 2σµBB|) + θ(D − |ǫ+ eV − 2σµBB|)]. (25)
We assumed here that the band of the half-width D is centered at the energy ǫ of the
tunneling electron. The RG transformation reducing the bandwidth leads to a logarithmic
correction to T only as long as the Fermi momentum belongs to the new band. In our
case, there are four relevant momenta corresponding to Friedel oscillations of electrons with
the two spin directions in the two leads, and these constraints are represented by the four
step-functions in the right-hand side of (25). The terms proportional to g2 − g1 are due to
the Friedel oscillations from the same-spin electrons which contribute to both exchange and
Hartree potentials. The remaining terms are produced by interaction with the opposite-spin
electrons.
The solution of RG equation (25) at D → 0, found neglecting the renormalizations of
the interaction constants [10], has the form:
Tσ(ǫ) = T0
∣∣∣∣ ǫD0
∣∣∣∣α2−α1
∣∣∣∣ǫ+ eV − 2σµBBD0
∣∣∣∣
−α1
×
∣∣∣∣ǫ+ eVD0
∣∣∣∣
α2−α1 ∣∣∣∣ǫ− 2σµBBD0
∣∣∣∣
−α1
. (26)
This result combined with Eq. (24) allows to calculate the I-V characteristic. As it is
clearly seen from Eq. (26), two singularities in Tσ(ǫ) merge at eV = 2µBB. As a result
a singularity appears in the I-V characteristic. The latter manifests itself as a peak in
differential conductance,
δG =
e2
πh¯
T ∗0
α1
α2 − 2α1

1−
∣∣∣∣∣eV − 2µBB2µBB
∣∣∣∣∣
α2−2α1

 , (27)
schematically shown in Fig. 2. The last result was obtained in the linear in T approximation
that accounts for the processes in which electron crosses the tunnel barrier only once. This
approximation is equivalent to the standard method of calculation of tunnel current in
terms of the transmission coefficient and tunnel densities of states in the leads. Indeed, the
expression (26) may be interpreted as the product of the bare transmission coefficient T0
and the power-law factors corresponding to the singular energy dependence of the tunnel
densities of states. Apparently this method fails if the differential conductance becomes of
the order of e2/h¯. This does not happen for a sufficiently long-range interaction potential,
g2 − 2g1 > 0. In the case of a short range potential, g2 − 2g1 < 0, formula (27) is not
applicable in a very narrow vicinity of the point V = 2µBB/e.
In conclusion, we solved the problem of scattering on a single impurity for weakly in-
teracting 1D electrons. This allowed us to find the system conductance at any temperature
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for spinless case (14) and for the real spin-1
2
electrons (21) as well. The electron-electron
backscattering gives rise to deviations from the power-law temperature dependence of linear
conductance at T → 0. In the presence of a magnetic field, the backscattering creates a
peak (27) in the differential conductance at bias V = 2µBB.
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FIGURES
FIG. 1. Total scattering potential V (x). The central peak is the bare potential of the barrier.
The wings represent the Friedel oscillation induced by the barrier.
FIG. 2. The differential conductance G(V ) = dI/dV of a quantum wire with a strong barrier
in the presence of magnetic field B. The power-law behavior at V → 0 is consistent with the
Luttinger-liquid theory [6]. The power-law peak (27) at V = 2µBB/e is due to the scattering
of electrons on the Friedel oscillation produced by the opposite-spin electrons. The curve was
calculated for α1 = 1/16, α2 = 3/8.
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